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Abstract. Hawkes Processes are a type of point process which model self-excitement among
time events. It has been used in a myriad of applications, ranging from finance and earthquakes to
crime rates and social network activity analysis. Recently, a surge of different tools and algorithms
have showed their way up to top-tier Machine Learning conferences. This work aims to give a broad
view of the recent advances on the Hawkes Processes modeling and inference to a newcomer to the
field. The parametric, nonparametric, Deep Learning and Reinforcement Learning approaches are
broadly discussed, along with the current research challenges on the topic and the real-world limita-
tions of each approach. Illustrative application examples in the modeling of Retweeting behaviour,
Earthquake aftershock occurence and COVID-19 spreading are also briefly discussed.
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1. Introduction. Point Processes are tools for modeling the arrival of time
events. They have been broadly used to model both natural and social phenomena
related to arrival of events in a continuous time-setting, such as the queueing of
customers in a given store, the arrival of earthquake aftershocks[59, 29|, the failure
of machines at a factory, the request of packages over a communication network, and
the death of citizens in Ancient societies [16].

Predicting, and thus being able to effectively intervene in all these phenomena
is of huge commercial and/or societal value, and thus there has been an intensive
investigation of the theoretical foundations of this area.

Hawkes Processes (HP) [26] are a type of point process which models self- and
mutual-excitation, i.e., when the arrival of an event makes future events more likely to
happen. They are suitable for capturing epidemic, clustering, and faddish behaviour
on social and natural time-varying phenomena. The excitation effect is represented
by an additional function to the intensity of the process (i.e., the expected arrival rate
of events): the triggering kernel, which quantifies the influence of events of a given
process in the self- and mutual triggering of its associated intensity functions. Much of
the Hawkes Processes’ research has been devoted to modeling the triggering kernels,
handling issues of scalability to large number of concurrent processes and quantity of
data, as well as speed and tractability of the inference procedure.

Regarding the learning of the triggering kernels, one of the methods involves
the assumption that it can be defined by simple parametric functions, s.a. one or
multiple exponentials, Gaussians, Rayleigh, Mittag-Leffler [10] functions and power-
laws. Much of the work dealing with this type of approach concerned with enriching
these parametric models [39, 79, 86, 85, 19], scaling them for high dimensions, i.e.,
multivariate processes of large dimensions [5, 41], dealing with distortions related to
restrictions on the type of available data [87], and proposing adversarial losses as a
complement to the simple Maximum Likelihood Estimation (MLE) [89].

Another way of learning the triggering function is by assuming that it is rep-
resented by a finite grid, in which the triggering remains constant along each of its
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subintervals. Regarding this piecewise constant (or non-parametric) approach, most
notably developed in [55, 6], the focus has been on speeding up the inference through
parallelization and online learning of the model parameters [91, 1].

A more recent approach, enabled by the rise to prominence of Deep Learning
models and techniques, which accompany the increase of computational power and
availability of data of the recent years, regards modeling the causal triggering effect
through the use of neural network models, most notably RNNS, LSTMs and GANs.
These models allow for less bias and more flexibility than the parametric models for
the modeling of the triggering kernel, while taking advantage of the numerous training
and modeling techniques developed by the booming connectionist community.

In addition, regarding the control of self-exciting point processes,i.e., the modifi-
cation of the process parameters towards more desirable configurations, while taking
into account an associated ‘control cost’ to the magnitude of these modifications, re-
cent works either make use of Dynamic Programming (Continuous Hamilton-Jacobi-
Bellman Equation-based approach) [94, 93], Kullback-Leibler Divergence penalization
(a.k.a. ‘Information Bottleneck’) [78], and Reinforcement Learning-based, as well as
Imitation Learning-based techniques [75, 44].

Although there have been some interesting reviews and tutorials regarding domain-
specific applications of Hawkes Processes in Finance [27, 5] and Social Networks [65],
a broad view of the inference and modeling approachs is still lacking. A close work
to ours is the one presented in [88] which, although very insightful, lacks coverage of
important advances, such as the previously mentioned control approaches, as well as
the richer variants of Neural Network-based models. Furthermore, a concise coverage
of the broader class of Temporal Point Processes is given in [67], while reviews for
parametric spatiotemporal formulations of HP are given in [63] and [92].

In the following, we introduce the mathematical definitions involving HPs, then
carefully describe the advances on each of the aforementioned approachs, then finish
by a summarization, along with some considerations.

2. Theoretical Background. In this and the next section, we present the
mathematical definitions used throughout the remaining sections of the paper. The
Hawkes Processes were originally introduced in [26] and [25].

In the present work, we restrain ourselves to the Marked Temporal Point Processes
(MTPP), i.e., the point process in which each event is defined by a time coordinate
and a mark (or label). An intuitive example of a MTPP is shown in Figure 1.

The key definitions are those of: Counting Process, Intensity Function, Triggering
Kernel, Impact Matrix, (Log-)likelihood, Covariance, Bartlet Spectrum, Higher-order
Moments and Branching Structure.

2.1. Multivariate Marked Temporal Point Processes. Realizations of uni-
variate MTPPs, here referred to by S are one or more sequences of events e;, each
composed by the time coordinate ¢t; and the mark my, s.a.:

(21) S= {(to,mo),...,(ts,ms)},

where S is the total number of events. Marks may represent, for example, a specific
user in a social network or a specific geographic location, among others. For more
complex problems, as in the check-in times prediction of [90], a composite mark may
represent an user of interest and a specific location.

An easy way to generalize this notation would be to refer to multiple realizations
of multivariate MTPPs as S = {S, ;}, where ¢ would refer to the dimension of the
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Fig. 1: Left: Intuitive diagram of a Marked Temporal Point Process (MTPP) with
three types of event (marks). Right: Example of a counting process on the time
interval [0,7].

process, while j would refer to the index of the sequence. Now, regarding only the
purely temporal portion of the process, i.e., the time coordinates ¢, it is also common
to express them by means of a Counting Process N (t), which is simply the cumulative
number of event arrivals up to time t:

t

(2.2) dNs,
-

where:
o dN;, =1, if there is an event at tx;
e dN;, =0, otherwise.
This is illustrated in Figure 1.
Associated to each temporal point process, there is an Intensity Function, which
is the expected rate of arrival of events:

(2.3) At)dt = E {dN, =1},

which may depend or not on the history of past events. Such dependence results in a
so-called “Conditional Intensity Function” (CIF):

(2.4) A(t)dt = E{dN; = 1|H},
where H is the history of all events up to time t:
(2.5) H: {ti,j S S|ti7j < t}

This concept will be further discussed in the next section.

2.2. Hawkes Processes. The simplest example of a temporal point process is
the Homogeneous Poisson Process (HPP), in which the intensity is a positive constant:

(2:6) At) = p,

for p € RT.
In the case of an Inhomogeneous Poisson Process (IPP), the intensity A(t) is
allowed to vary. Both HPP and IPP are shown in Figure 2.
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Fig. 2: Tllustrative examples of Homogeneous (left) and Inhomogeneous (right) Pois-
son Processes. The events are represented by black dots.

Both the Homogeneous and the Inhomogeneous Poisson Processes have, in com-
mon, the fact that each consecutive event interval sampled from the Intensity Function
is independent of the previous ones. When analyzing several natural phenomena, one
may wish to model how events in each dimension ¢ of the process, which may be rep-
resenting a specific social network user, an earthquake shock at a given geographical
region, or a percentual jump in the price of a given stock, just to cite a few examples
- affect the arrival of events in all the dimensions of the process, including its own.

In particular, we are interested in the cases where the arrival of one event makes
further events more likely to happen, which is reflected as an increase in the value of
the intensity function after the time of said event. When this increase happens to the
Intensity Function of the same i-th dimension of the event, the effect is denominated
self-excitation. When the increase happens to the intensity of other dimensions, we
refer to it as mutual excitation.

Hawkes Processes (HP) model self-excitation in an analytical expression for the
intensity through the insertion of an extra term, which is designed to capture the
effect of all the previous events of the process in the current value of the CIF. For a
univariate Hawkes, we have:

(27) )\Hp(t) = 12 + E (b(t — ti) s
~—
baseline intensity ti<t
self-excitation term

while, for the multivariate case, with dimension D, we are going to have both self-
excitation (¢;;(t)) and mutual-excitation terms (¢;;(t) , s.t. (¢ # j)):

D
(2.8) ap() =+ Y > it —tij).

J=1t;;<t

The assumptions of
1. Causality:

2. Positivity:

are usually held for all ¢;;(t) '.

In the case that the kernel matrix ®(t) = [¢;; (t)]jy’;lzo
a O k(t), with a = [aij}'i’;:o and K(t) = [mij(t)}i’;:o, where “®@” correspond to the
Hadamard (element-wise) product.

can be factored into ®(t) =

IThe case in which ¢(t) < 0 for ¢t > 0 is referred to as an “Inhibiting Process”, and not usually
considered in Hawkes Processes works.
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a, here denominated Impact Matrix, can implicitly capture a myriad of different
patterns of self- and mutual excitation, as exemplified in Figure 3. This factorization is
particularly convenient when adding penalization terms related to network properties
to the loglikelihood-based loss of a Multivariate HP, such as in the works of [86] and
[48].

1.0
-l ]
0.8 0.8
.

Fig. 3: Left: Four examples of 4 x 4 Impact Matrices a. Each «;;(t) has the corre-
sponding value indicated according to the color scale on the side. Right: Illustrative
example of the concept of Branching Structure. A given edge ¢; — t; means that ¢;
triggered t; with the probability p;i.

For being of practical value, realizations of HPs are constrained to having fi-
nite number of events for any sub-interval of the simulation horizon [0,7]. This
corresponds to having the kernel function (or kernel matrix) satisfying the following
stationarity condition:

(2.9) Spr ([[@®)[]) = Spr ({ll¢;(D)[}1<ij<p) <1,

where ||(t)|| corresponds to [|¢(t)|| = [;~ ¢(t)dt and Spr(-) corresponds to the spec-
tral radius of the matrix, i.e., the largest value among its eigenvalues.

If this stationarity condition is satisfied, we have that the process will reach weakly
stationary state, i.e., when the properties of the process, most notably its “moments”,

vary only as a function of the relative distance, here referred to as “r”, of its points.
The first order moment, or statistics of the HP, is defined as:

) 1 /T )
(2.10) Ai = E{\yp(t)} = lim T/o wpt)dt = (1—|[®@)|)) p

— 00

while the second-order statistics, or stationary covariance, is defined as:
(2.11) VI — t)dtdt' = E{dN}dN},} — NiAjdtdt’ — e;jAi6(t' — t)dt,

where €;; is 1, if i = j, and 0, otherwise, while §(t) refers to the Dirac delta distribu-
tion.

The Fourier Transform of this stationary covariance is referred to as Bartlett Spec-
trum. Sometimes, a different transform, the Laplace Transform, is used for the same
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purpose. In Hawkes’ seminal paper [26], high importance is given to the fact that,
when assuming some specific parametric functions for the excitation matrix ®(¢t), it is
possible to find simple formulas for the covariance of process in the frequency domain.
One example is the univariate case for ¢(t) defined as the frequently used “parametric
exponential kernel”: ¢(t) = ae™ Pt for a, 3 € R.

For this choice, we have:

ap(2f — )
(B—a)(s+B8—a)

where £{-}(s) refers to the Laplace Transform 2. The detailed steps of this computa-
tion can be found in [26].

Going beyond the first- and second-order statistics, it is also possible to define
statistics of higher orders, see [47, 16]. Although they become less and less intuitive
and tractable, as their order increases, the work in [1] makes use of 3rd-order statistics,
K%* in a specific application of the Generalized Method of Moments for learning the
impact matrix of multivariate HPs. It is defined as:

(2.12) vi(s) = L{v}(s) = 5 (s €C)

(2.13) Kiikqt = / / (E(dN;ng;TdeH,)
7,7 €R?
—2E(AN})E(dN,.,)E(AN}.) — E(AN;ANY, JE(ANE, )
~E(AN}dNf,, )E(AN, ) — E(AN}, dNf, . )E(ANY))

for 1 <14,j,k < D, and it is connected to the skewness of N;.

Now, regardless of the function family chosen for modeling ®(t) and w, its fitness
will be computed by measuring its likelihood over a set of sequences similar to the set
of sequences used for training the model. Let be a set S of M sequences, each with a
total number of N; events, considered over the interval [0, T], such that:

v S . . "
(2.14) S ={STHL, = ([t} m}), . (o )| HIL,,
with m¥ € {1,2,...,D}, Vj,k € Z,.

And let be a family F of Multivariate HPs with dimension D > 1 and parametric
exponential kernels assumed for the shape of the excitation functions, such that the
CIF X (t) of each i-th node defined over the sequence &7 is given by *:

. -8 -A(t—tj’) . .
(2.15) N =pi+ Y aye " (t € &)

j
1<t
Given parameter vectors

2
K= {Nm}gzl € RE 0= {(amnvﬁmn)}ﬁﬂ,nzl € R?&-D )

the likelihood function given in the logarithmic form, i.e., the loglikelihood, of a
multivariate HP over a set S of M sequences considered over the interval [0, 7], is

2The Laplace Transform L£{f}(s) of a function f(t) defined for ¢t > 0 is computed as L{f}(s) =
Jo2 f(t)est, for some s € C.

3Equivalent definitions of F can be given to families of HPs defined by other types of HPs, such
as those with power-law kernels, or those with the corresponding CIF modeled by a recurrent neural
network.
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given by:
M | D o D .7
(2.16) Uhs(,0,F) => [ > log X (#]) —Z/ N (t)dt
j=1 | i=1 ken; i=170
Compensator

Thus, the goal of learning a HP over S, is the act of finding vectors p and 6 s.t.:
(2.17) (p,0) = argmaxilhs(p,0,F)

A more rigorous and complete derivation of Equation 2.17 can be found in [7].

Another concept which is of relevance in some inference methods is that of a
Branching Structure (B). It defines the ancestry of each event in a given sequence,
i.e., specifies the probability that the i-th event ¢; was caused by the effect of a
preceding event ¢; in the CIF (pj;, for 0 < i < n) or by the baseline intensity s (po;).
The probabilities p;; and pgi can be given by:

Pt —t;)
A(ti)

As an example, consider the example illustrated in Figure 3, in which event t;, the first
of the event series, causes events to and t3; event to causes event ts; event t3 causes
event t4; and event t5 causes events tg and t7. The corresponding Branching Structure
Bg implied by these relations among the events has an associated probability given
by:

(218) Pji = , for (j > 1) and Poi =

e
Ati)

(2-19) p(BE) = Po1 * P12 * P13 * P25 * P34 * P56 * P67

2.3. Simulation Algorithms. Regarding the experimental aspect of HPs, syn-
thetic data may be generated through the following methods:

1. Ogata’s Modified Thinning Algorithm [58]: It starts by sampling the
first event at time ¢y from the baseline intensity. Then, each posterior event
t; is obtained by sampling it from a HPP with intensity fixed as the value

calculated at t;_1, and then:
e Accepting it with probability /\*)\(Efl))

i—1
intensity at time ¢;_1, while ), is the value calculated through Equation
2.7.
e Or rejecting it and proceed to resampling a posterior event candidate;
2. Perfect Simulation [56]: It derives from the fact the HP may be seen as
a superposition of Poisson Processes. It proceeds by sampling events from
the baseline intensity, taken as the initial level, and then sampling levels
of descendant events for each of the events sampled at the previous level.
From each event ¢y ; sampled from the baseline intensity, we associate an IPP
with intensity defined as ¢(t — to,;), and then sample its descendant events.
Next, we take each descendant event sampled and also associate it with its
corresponding IPP, and so on, until all the levels were explored over the
simulation horizon [0, T7.

More detailed, step-by-step descriptions of each of these two algorithms are shown
in pseudocode format, in Algorithm 2.1 and Algorithm 2.2, both for the case of

, where A*(t;_1) is the value of the
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Algorithm 2.1 Ogata’s Modified Thinning Algorithm (Univariate Case)

Input u, ¢(t), T
Define t = 0
Sample t; from exponential distribution with rate u
Update t =t +t;
Define n =1
while t < T do
M= g1 0 6t~ )
Sample ¢,,+1 from exponential distribution with rate A,
Ant1 = p+ Z?=1 Pt +tny1 —tn)
Sample u from Uniform Distribution over [0, 1]
i A+l

< u then

Update t = t + £y
Updaten =n+1
end if
end while
return {t;}7

Algorithm 2.2 Perfect Simulation of Hawkes Processes (Univariate Case)
Input 1, ¢(t), T
Define j = 0
Simulate HPP with X = p over [0, 7] to obtain {t/ Y
while 3% (Vi < n;) do
for (i=1;i<nj;i++)do
Simulate IPP with X\ = ¢(t — t%) over ¢ € [0,T] to obtain {t€j+1),k nid
end for
Update n;11 = 3317 nfy ,
Update {t{;, 521" = Ui {80y 1 belh'
Update j =35 +1
end while
return [J/_,{t;},  (After sorting)

Univariate HPs. In the next section, we focus on the HP models which assume simple
parametric forms for the excitation functions, along with its variants, which we will
refer to as “Parametric HPs”.

3. Parametric HPs. In the present section, we discuss the HP models which
assume simple parametric forms for the excitation functions. Figure 4 shows some
examples of commonly used functions for parametric HPs. Much has been done
recently in terms of incrementing these models for dealing with specific aspects of
some domains, such as social networks [98, 39], audio streaming [79], medical check-
ups [87], among others. In the following subsections, we aim to give a broad view
of how the parametric modeling of HPs are used and improved throughout a series
of possible ideas. We divided the recent research on parametric HPs as focusing on
three different strategies, accompanied by working examples. The referred strategies
are:
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Fig. 4: Four examples of parametric HP kernels (¢(t)). Each of them is used to model
a different type of interaction among events of a given HP.

1. Enhancing and composing simple parametric kernels, to adapt the model to
specific modeling situations and datasets;
2. Improving scalability of parametric HP models, to the multivariate cases with
many nodes and sequences with many jumps;
3. Improving robustness of training over worst-case scenarios and defective data.
Further examples on each strategy are also briefly mentioned in Section 11.

3.1. Enhanced and Composite Triggering Kernels. As a way of modeling
the daily oscillations of the triggering effects on Twitter data, [39] proposes a time-
varying excitation function for HPs. The probability P of getting a retweet over the
time interval [t,t 4 6t], with small ¢, is modeled as:

(3.1) P(Retweet in [t,t + 0t]) = A(t)dt,

in which the time-dependent rate is dependent on previous events as:

(3.2) A(t) = p(t) Y did(t —t),

t; <t

with p(t) being the infectiousness rate, t; as the time corresponding to the i-th retweet
arrival, and d; as the number of followers of the i-th retweeting individual.

Furthermore, the memory kernel ¢(s), a probability distribution for the time
intervals between a tweet by the followee and its retweet by the follower, has been
shown to be heavily tailed in a variety of social networks [98]. It is fitted to the
empirical data by the function:

0, for s <0
o(s) = o, for 0 < s < sg
co(s/sq) 110, for s > sg

where the parameters cg, sg and 6 are known.

The model is defined so that the daily cycles of human activity are naturally
translated into cycles of retweet activity. The time dependence of the infectious rate
is, therefore, defined as:

(3.3) p(t) = po {1 ~ rosin (;Z(t N %)) } s}

The parameters pg, 79, ¢9 and 7, correspond to the intensity, the relative am-
plitude of the oscillation, its phase, and the characteristic time of popularity decay
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respectively. Those are fitted through a Least Square Error (LSE) minimization pro-
cedure over the aggregation of retweet events over time bins dt.

Another improvement over the traditional parametric froms for HPs involve the
addition of a nonlinearity on the expression for the CIF:

(3.4) Aap(t) =g (N + Z ot — tz)) )

ti<t
in which g(-) correspond to a so-called link function, e.g., sigmoid:

1

(3.5) g(z) = gt

The work in [79] proposes a procedure for simultaneously learning g(-), p and ¢(t) =
ak(t), with x(t) taken as e™?, for assuring convergence, of the algorithm.

The procedure is formulated using a moment-matching idea over a piecewise-
constant approximation for g(-), which leads to the definition of the objective function
as a summation:

1 n ti 2
(3.6) ,in ; <Nz /0 g(w wt)dt> :
with w = (u, @)”, and x; = (1, Dtien, Kt — ).

The algorithm is run by recursively updating the estimates w, with the Isotron
Algorithm (see [35]), and g, with a projected gradient descent step.

Theoretical bounds for the approximation error of the method are also given,
along with extensions of the algorithm for general point processes, monotonically
decreasing nonlinearities, low-rank processes and multidimensional HPs.

Another possible enhancement for modeling the parametric HP is through using
a composition of Gaussian kernels of different bandwidths, as in [86]. The core idea
is that the maximum nonzero frequency component of the kernel is bounded as the
same value of the intensity function, since this one is simply a weighted sum of the
basis functions. Therefore, for every value of the tolerance &, it is possible to find a
frequency value wq s.t.:

oo
(37) | s <
wo
From this wp, the method then defines the triggering function ¢(t) as a composition of
Dy Gaussian functions, with D, equally spaced values of bandwidth over the interval
[O, wo] .
The estimate of the value of the intensity function, for transforming into the
frequency domain, is done through a kernel density estimation with gaussian kernels
of bandwidth fixed as the Silverman’s rule of thumb:

465\ 1.065
(3.8) h=¢ (U> ~ L5

3n o/n

where ¢ is the standard deviation of the time intervals, and n is the number of events
of a given sequence.

After the Gaussian functions are defined, it remains to estimate the model co-
efficients ©, with the impact matrix, now an impact tensor A = {e;;i}, through a
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convex surrogate loss penalized by parameters related to the sparsity of the matrix,
the temporal sparsity of the kernels, and the pairwise similarity:

(3.9) arggéin —Lo +7sl|All1 + vgllAll1,2 +vpE(A),

where:

o |[All[1 = >2;klcuskl is the ll-norm of the tensor, which is related to its
temporal sparsity, which causes the excitation functions to go to zero at
infinity, therefore maintaining the stability of the process;

o [[All12 =22, {aijn, s aijm}“g is related to the sparsity over the Dy basis
functions of a given node of the process, and it enforces the local independence
of the process;

o B(A)=32 iee, lloi — ai||% + ||’ — a||% is a coefficient to enforce the
pairwise similarity of the process, in which C; corresponds to the cluster to
which node i belongs, || - || is the Frobenius norm, a; = {a;ji}, for fixed i,
and o' = {a;j;}, for fixed j. It means that, if 7 and ' are similar types of
events, then their mutual excitation effects should be similar as well;

® s, 7g and yp are coefficients to be tuned for the model.

The estimation is done through an Expectation-Maximization procedure close to those
of [55] and [101], which first randomly initializes the impact tensor and the vector of
baseline intensities p, and then iterates through:

1. Estimating the probability that each event was generating by each of the
compositional basis kernels, as well as the baseline intensity;

2. Averaging the probabilities over all events of all training sequences for up-
dating the coefficients of each basis function and the baseline intensity.

The two steps are repeated until convergence of the parameter estimates.

3.2. Scalability. Another setting in which the parametric choice of kernels is
highly convenient is with respect to the scalabity of the inference procedure for high
dimensional networks and sequences with large number of events, which occur in
several domains, such as social interactions data, which is simultaneously large (i.e.,
large number of posts), high-dimensional (numerous users) and structured (i.e., the
users interactions are not in a random fashion but, instead, present some regularities).

One interesting inference method towards this direction is the work presented in
[41], which achieves a complexity O(nD), with D as the number of events comprised
by the process history, and D as the dimension of the impact matrix of the process.

The referred method, entitled Scalable Low-Rank Hawkes Processes (SLRHP),
takes advantage of the memoryless property of the exponential and the underlying
regularity of large networks connected to social events: The memoryless property,
which means that, in HPs with exponential excitation functions, the effect of all past
events over the intensity value of a given point can be computed by just the time
of the last event before said point, speeds up the intensity computing portion of the
inference procedure iterations, while the underlying regularity of large impact matrices
associated with the social phenomena allow the dynamics of large-dimensional HPs
to be captured by impact matrices of much smaller magnitudes.

The baseline rates and excitation functions of model are then defined using a
low-rank approximation:

E
(3.10) i = (1) =D Py
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(3'11) ¢mz Z ml(blg

7,l=1

in which P € Rf *E is a projection matrix from the original D-dimensional space to
a low-dimensional space E (E << D). This projection can also be seen as a low-rank
approximation of the excitation function matrix ®, in which:

(3.12) & = pdpT

Through having that E << D, the formulated low-rank approximated inference al-
gorithm SLRHP manages to:
1. Capture a simplified underlying regularity impose inferred intensity rates’ pa-
rameters by adopting sparsity-inducing constraints to the model parameters;
2. Lower the number of parameters for both the baseline rates and excitation
kernels, with the D natural rates and D? triggering kernels are lowered to r
and E?, respectively. This advantage is diminished slightly by the additional
cost of inferring the (D x E)-sized projection matrix P.

Another way of dealing with scalability issues of multivariate HPs, both in terms
of the total number of events in the sequences and the number of nodes, is through
the mean-field treatment, as described in [4]. Compared with the SLRHP method,
which focuses on reducing the dimensionality of underlying network, the mean-field
treatment focuses on finding closed-form expressions for approximate estimations in-
volved in the optimization defined over the network in its real size. The key step of
this method is to consider that the arrival intensities of each node of the process is
wide-sense stationary, which implies the stability condition for the excitation matrix,
and fluctuates only slightly around its mean value.

This last assumption, entitled Mean-Field Hypothesis, posits that, if A\'(¢) corre-
sponds to the intensity of the i-th node, and A’ corresponds to the empirical estimator
of the first-order statistics of said node,

N

T )

where N corresponds to the total number of events arrived at node i up to the final
time of the simulation horizon [0, 7], then we have that:

(3.13) A=

(3.14) AT — A
A?
The condition defined by Equation 3.14 is met when: (i) ||¢(t)|| << 1, independently
of the shape of ¢(t); (ii) when the dimensionality of the MHP is sufficiently high; and
also (iii) when ¢(¢) changes sufficiently slowly, so that the influence of past events
average to a near constant value.
From this, we can recover the parameters §° from the intensity function A, and

<<1 vt € (0,7

the intensity function from the first-order statistics /{i, as:
Ni(t) — AT (Ni(t) — AP)?

3.15 log \i ~ log A" + - _
( ) 2 Ag g It 2(A1)2

and

(3.16) N(t) = pt + /O ) Z ¢ (t)dN;}
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The method yields mean-field estimates for the parameters with error which decays
proportionally to the inverse of the final time T of the sequences:

(3.17) E(0%) ~ 0%, -

.. Y 1
1 g i’y ~ =
(3.18) cov(67",07") T

where 0%, refers to the mean-field estimator of the parameters.

3.3. Training. Elaborating further on some difficulties of inferring parametric
kernels from real-data, an interesting method regarding truncated sequences is de-
scribed in [87].

In the case of learning HP parameters from real-data, one often has to deal with
sequences which are only partially observed, i.e., the time event arrivals are only
available over a finite time-window.

This poses a challenge concerning the robustness of the learning algorithms, since
the triggering pattern from unobserved events are not considered: The inference deals
with the error induced by computing intensity values over finite time windows, i.e., by
computing intensity values along simulation horizons [0, T}, the closed-form equation
would assume that its value at 0 is simply the baseline rate p.

From the expression for the CIF:

(3.19) Aup(t) = p+ Y ot —t),

t; <t

for t € [0, T], we have that, taking some value T” € [0, T], we may split the triggering
effect term in two parts:

(3.20) Aap(t)=p+ D olt—ti)+ Y o(t—ti),

t;<T’ T'<t;<T

for t € [T',T].

If we are observing the sequences only over the interval [T”,T], the second term
is implicitly ignored, what may have severe degradation of the learning procedure,
specially in the case that the excitation functions decay slowly.

The method proposed handles this issue through a sequence-stitching method.
The trick is to sample “candidate predecessor events” and choosing the most likely
one from their similarity w.r.t. the observed events. The augmented sequences would
then be use for the actual HP parameters’ learning algorithm.

In practice, this means that, given M sequences S, realized over [T”,T], the
method would not learn from the regular MLE formula

(3.21) 0* = argmax Ih({S }M_,,0),
0

but, instead, from some expression which takes into account the expected influence
of unobserved predecessor events
(3.22) 05pc = argmax Eg 31, IA([S, Sm], 0),

0

where Hp: corresponds to the distribution over all possible sequences of events hap-
pening before time 7. In practice, this expectation is computed not over the real
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distribution, but over some finite number of (relatively few) samples, such as 5 or 10.
This finite sample approximation converts Equation 3.22 onto

(323) agDC = argIenaX Z p(Sstitch)”h(Sstitcha 9)3
Sstitch €K

where p(Sstiten) is the probability of the stitched sequence obtained from the concate-
nation of the original observed sequence and one of the sample predecessor candidate
sequence. This probability is obtained by normalizing over similarity values over the
candidate sequences obtained from some similarity function S(,-) of the form:

(3.24) S(8k,S) = Ve llF(S—F®)I?2,

where f(-) is some feature of the event sequence, and ¢ € R is some scale parameter.
By fixing the excitation pattern matrix x as composed of exponentials () = e~#* and
imposing sparsity constraint ||c[|1 =}, ; [as;| over the impact matrix, the equivalent
problem,

(3.25) 6* = argmax Z P(Sstiten UM Sstiten, 0) +llexr
1>0,0-0 Sstiten €K

is shown to be solved through Expectation-Maximization updated for both p and
a. The method is more suitable for slowly-decaying excitation patterns, in which
the influence of the unobserved events would be more prominent. In the case of
exponentials with large values for the decay factor 5, the improvement margins mostly
vanish.

Another interesting improvement regarding the training procedure of MLE for HP
parametric functions involves the complementary use of adversarial and discriminative
learning, as in [89]. Although adversarial training has gained an ever increasing
relevance for neural-network based models in the last years, due to the popularization
of Generative Adversarial Networks [22] and its variants, as will be discussed further
in Section 5, keeping the assumption of a simple parametric shape for the excitation
function is a way to insert domain-specific knowledge in the inference procedure.

The key idea of this complementary training is that, while the discriminative
loss, here defined as the Mean-Squared Error (MSE) between discretized versions of
predicted and real sequences, would direct the parameter updates towards smoother
prediction curves, the adversarial loss would tend to push the temporally evenly dis-
tributed sampled sequences towards those more realistic-looking.

For the Gradient Descent-based updates, a discretization of the point process is
carried out, so as to approximate the predictions through a recursive computation of
the integral of the intensity function (the compensator portion of the loglikelihood
function) in a closed-form expression. The parameters of the complementary training
are actually initialized by a purely MLE procedure, which was found to be more
insensitive to initial points. The M LE 4+ GAN training updates then follows. The
full procedure can be summarized by the following steps:

1. Subdivide the M original sequences on [0, T into training (on [0, 7%"]), valida-
tion (on [T*",T¥9]) and test (on [T¢,T]) portions, using previously defined
parameters 7" and TV,

2. Initialize the parameters of the model through the ‘purely’ MLE procedure;

3. Sample M sequences from the model over the interval [0, T"];
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4. By choosing a specific parameter shape for the excitation function and binning
both the original and simulated sequences over equally-spaced intervals, define
the closed-form expression for the MSE (discriminative) loss Ly;sg over all
the sequences and dimensions of the process;

5. Define the GAN (adversarial) loss of the model over the sequences as:

Loan =

Egin pisiny [Fw (Yos (8'™))] — Estn p(stmy [Fw (Yos (8"™))],
for the critic network Fy,

—Esen p(sem [Fw (Yos (S™))],
for the training model (generator),

(3.26)

where P(S™) corresponds to the underlying probability distribution we as-
sumed to have generated the original sequences S, Fy {-} refers to a neural
network which can compute the so-called Wasserstein distance, a metric for
difference among distributions which will be further explained in Section 5,
and Yy, (+) corresponds to the parametric model for sequence generation.

6. Compute the joint loss for MLE and GAN portions as:

(3.27) Lyre+can =YeanLyre + (1 —vean)Lgan, for ygan € [0,1]

7. Compute gradients of Ly g+can over each parameter of model Yy ;
8. Update parameter estimates of training model with nVog(LarLep+can), for
some learning rate n;
9. Repeat steps 3 to 8 until convergence.
The method is an interesting combination of the enriched dynamical modeling from
the adversarial training strategy with the robustness over small training sets of the
parametric-based MLE estimation for HPs.

In this section, we provided a comprehensive analysis of the progresses in HP
modeling and inference for excitation functions assumed to be of a simple parametric
shape, along with their compositions and variants. In the next section, we will discuss
about advances in nonparametric HP excitation function strategies.

4. Nonparametric HPs. Nonparametric HPs consider that some rigid and sim-
ple parametric assumption for the triggering kernel may not be enough to capture all
the subtleties of the excitation effects that could not be retrieved from the data. They
may be broadly divided between two main approaches:

1. Frequentist
2. Bayesian
We will briefly discuss their variants in this section.

4.1. Frequentist Nonparametric HPs. The frequentist approach to HP mod-
eling and inference consists in assuming that the excitation function (or matrix) can
be defined as a binned grid (or a set of grids), in which the values of the functions
would be taken as piecewise constant inside each bin, and the width of the bin will
be (hopefully) expressive enough to model the local variations of the self-excitation
effect.

They were first developed in the works of [43], [3] and [6]. In the case of [43],
the final values of the bins were found by solving a discretized Ordinary Differential
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Equation, implied by the branching structure of the discretized triggering kernel and
background rate over the data, through iterative methods. The approach in [3] and
[6], on the other side, recovers the piecewise constant model by exploiting relations,
in the frequency domain, between the triggering kernel, the background rate and the
second-order statistics of the model, also obtained in a discretized way over the data.

The increased expressiveness of this type of excitation model incurs in two main
drawbacks:

e The bin division grid concept is close to that of a histogram over the dis-
tance among events, what usually requires much larger datasets for leading
to accurate predictions, as opposed to parametric models, which would be-
have better on shorter and fewer sequences but most likely underfit on large
sequence sets;

e The time of the inference procedure may also be much larger, since it involves
sequential binning computation procedures which can not take advantage of
the markov property of parametric functions such as the exponentials.

Two improvements, to be discussed in the present subsection, deal exactly with
these drawbacks through:

e Acceleration of the computations over each sequence and/ or over each bin
of the excitation matrix/function;

e Reduction of the times of binning computational procedures through a so-
called online update of the bin values.

4.2. Acceleration of Impact Matrix Estimation through Matching of
Cumulants. One Acceleration strategy is developed in [1], which replaces the task
of estimating the excitation functions directly through estimating their cumulative
values, i.e., their integrated values from zero up to infinity, what would be enough
to quantify the causal relationships among each node. That is, instead of estimating
¢;;(t), for each node, the method would estimate a matrix ||®(t)|| = {||#:;(t)||}, in
which:

(4.1) 6Dl = / " g (0)dt, ¥(i. ) € D x D

The method, entitled Nonparametric Hawkes Process Cumulant (NPHC), then pro-
ceeds to compute, from the sequences, moment estimates R up to the third-order.

It then finds some estimate H@(t)H of this cumulant matrix which minimizes the L?

squared error between these estimated moments and the actual moments R(||®(¢)]]),
which are uniquely determined from ||®(¢)||:

(4.2) [®0)|| = argmin | R(I®(0)]) ~ £l
[1e @)l

This L? minimization comes from the fact that, by defining:
(4.3) V=P —||@m|)

one may express the first-, second- and third-order moments of the process as:

D
(4.4) A= vimym

m=1
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D
(15) VI 3 pmyimym
m=1
.. D . . . .
Kzgk: _ Z (Vzmvjmykm + V’LmI/]kam
m=1
(46) +yimvjmvknz _ 2Amvzmvjmvkm) ,

and thus we may find an estimator V = argminy, Lyprc(V), with Lyppc(V)
defined as:

(4-7) LNPHC(V) = (1 - 'YNPHC)HKC(V) - Kc”% +’YNPHCHV(V) - 1)”%7

where Ynprc is a weighting parameter, || - [|3 is the Frobenius norm and K¢ =
{K"}1<; j<p is a two-dimensional compression of the tensor K. From this expres-
sion, by setting

[ Ke|]3

(4.8) YNPHC = 75 5 |1 ~15°
<[ + 12113

one may arrive to

.1

(4.9) é(t)H — 1PV

The estimates of moments in the algorithm are actually computed through truncated
and discretized (binned) countings along a single realization of the process and, since
the real-data estimates are usually not symmetric, the estimates are averaged along
positive and negative axis.

Also, for D = 1, the estimate H'iJ(t)

order statistics. For higher-dimensional processes, it is the skewness of the third-order

‘ can be estimated solely from the second-

moment which uniquely fixes H'i’(t)H

4.3. Online Learning. Another improvement of the method consists in updat-
ing the parameters of the discretized estimate of the excitation function through a
single pass over the event sequence, i.e., an online learning procedure [91].
In the case of the referred algorithm, the triggering function is assumed to:
1. be positive,

(4.10) é(t) > 0,vt €R

2. have a decreasing tail, i.e.,

oo

(4.11) Z (th — th—1)8UPae(ty_r 00 | f (W) < Cr(tiz), Vi >0,

k=m

for some bounded and continuous ¢y : RT — Rt s.t. limy_,oo (7 () =0

3. belong to a Reproducing Kernel Hilbert Space, which here is used as a tool
for embedding similarity among high-dimensional and complex distributions
onto lower-dimensional ones.
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The method proceeds by taking the usual expression for the loglikelihood function

D

(4.12) lihs Z ( /

dS — yd k log /\d(tk)>
=1

and optimizing, instead, over a discretized version of it

D _M(t) Xk

(4.13) Ihz(X) = Z (/ Ad(8)ds — ya,x log /\i(tk)>
d=1 k=1 \/xk-1
D

(4.14) = ALgi(Ma),

Y
Il
—

with (t1,...,t,(+)) denoting the event arrival times over an interval [0, T], and with a
partitioning {0, x1, ..., xar(¢)} of this interval [0, T} such that

(4.15) Xe+1 = min {o* | xx/t] + .8},
ti>Xk

for some small ¢ > 0. The discretized version can then be expressed as

D M(t)

(4.16) llh( J(A Z Z </ (Xk — Xk—1)Aa(xk)
d=1 k=1 Xk—1

(4.17) —Yd.i log A Xk Z AL(L) )\d

The optimization procedure is done at each slot of the M (¢) partition, taking into
account:
e A truncation over the intensity function effect, i.e.,

(418) d)(t> = 07Vt > tma:m

so as to simplify the optimization of the integral portion of the loss. The
error over this approximation is shown to be bounded by the decreasing tail
assumption.

e A Tikhonov regularization over the coefficients pq and ¢4 4, which is simply
the addition of weighted ||uq||? and ||¢a,q||* terms to the loss function, so as
to keep their resulting values small;

e A projection step for the triggering function optimization part, so as to keep
them all positive.

The recent improvements over frequentist nonparametric HP estimation were shown
to focus on two main strategies:

e Speeding up inference through replacement of the excitation matrix as objec-
tive by the matrix of cumulants, which were shown to be enough to capture
the mutual influence among each pair of nodes;

e And an online learning procedure, which used some assumptions over the
kernels (positive, decreasing tail RKHS) so as to recover estimates of the
HP parameters over a single pass on some partitioning of the event arrival
timeline.
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Method Total Complexity
ODE HP [101] O(Iter x Dy(n3,,,D* + M * (NymazD +n2,,,)))
Granger Causality HP[36] O(Iter * Dyn3, .. D?)
Wiener-Hopf Eq. HP [6] O(Nmaz D?*M + D*M?3)
NPHC [1] O(Nmaz D? + Iter x D3)
Online Learning HP [91] O(Iter x D?)

Table 1: Comparison of Computational Complexity of parametric and nonparametric
HP estimation methods, extracted from [1]. Iter is the number of iterations of the
optimization procedure, [)¢ is the number of composing basis kernels of ¢(t), D is the
dimensionality of the MHP, 1,4, is the maximum number of events per sequence, and
M is the number of components of the discretization applied to ¢(t). Complexities
obtained from [1] and [91].

MHP Estimation Method
Performance Metric ODE HP [101] Granger Causality HP [86] ADMA4 [100] NPHC [1]

Relative Error 0.162 0.19 0.092 0.071
Estimation Time (s) 2944 2780 2217 38

Table 2: Performance comparison of several Multivariate HP Estimation methods in
the MemeTracker [42] dataset, extracted from [1]. The relative error between a ground
truth impact matrix o = {a;} and its estimate & = {&;;} is simply >, ; ai; —
Qijl/levij| a0y + 16|11 {a;; =0 -

A comparison among the complexity of several parametric and frequentist non-
parametric HP estimation methods is shown in Table 1, and performance metrics are
shown in Table 2. In general, it is possible to see a focus of more recent methods,
such as NPHC and the Online Learning approach, in reducing the complexity per
iteration of the resulting estimation procedure through approximation assumptions
on the underlying model.

4.4. Bayesian Nonparametric HPs. Another nonparametric treatment of
HPs revolves around the assumption of the triggering kernel and the background rates
to be modeled by distributions (or mixtures of distributions) from the so-called “Ex-
ponential Family” | which, through their conjugacy relationships, allow for closed-form
computations of the sequential updates in the model. These were mainly proposed in
the works of [19], [17] and [97].

In [19], HPs have also been used for modeling clustering of documents streams,
capturing the dynamics of arrival time patterns, for being used together with textual
content-based clustering.

The logic is that news and other media-related information sources revolving
around a given occurrence- such as a natural catastrophe, a political action, or a
celebrity scandal- are related not only regarding its word content, but also their time
occurrences, as journalists tend to release more and more contents about a topic of
high public interest, but tend to slow down the pace of publication as this interest
gradually vanishes or shifts toward other subjects.

The main idea is to unite both Bayesian Nonparametric Inference, which is a
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scalable clustering method which allows for new clusters to be added as the number
of samples grow, with Hawkes Processes. The corresponding Bayesian Nonparametric
model, the Dirichlet Process, would capture the diversity of event types, while the
HPs would capture the temporal dynamics of the event streams.

A Dirichlet Process DP(a, Gg) can be roughly described as a probability distri-
bution over probability distributions. It is defined by a concentration parameter «,
proportional to the level of discretization ("'number of bins’) of the underlying sampled
distribution, and a base distribution Gy, which is the distribution to be discretized.
As an example, for « equal to 0, the distribution is completely concentrated at a single
value, while, in the limit that o goes to infinity, the sampled distribution becomes
continuous.

The corresponding hybrid model, the Dirichlet-Hawkes Process (DHP) is defined
by:

e 4, an intensity parameter;

° P(?HP(QDHP), a base distribution over a given parameter space Opgp €
Opup;

e A collection of excitation functions ¢g,, (¢, t').

After an initial time event ¢; and an excitation function parameter 0%, , are
sampled from these base parameters p and PYHF (0ppp), respectively, the DHP is
then allowed to alternate between:

1. Sampling new arrival events ¢; from the current value of Opgp for the exci-
tation function, with probability

I
_1
2000 dey (s ti)

2. Or sampling a new value for 0p g p with probability

-1
Z?:l ¢9iDHP (tnvti)
-1
1+ 300 bei (i)

In this way, you are dealing with a superposition of HPs, in which the arrival events
tend towards processes with higher intensities, i.e., the preferential attachment, but
which also allows for diversity, since there is always a nonzero probability of sampling
a new HP from the baseline intensity pu.

By defining the excitation functions ¢y as a summation of parametric kernels

(4.19)

(4.20)

K

(4'21) ¢9DHP (tia tj) = Z O‘ZGDHP"QZDHP(ti - tj)
=1

the model can be made even more general.

The approach in [17], besides the random histogram assumption for the triggering
kernel, similar to the frequentist case, also considers the case of it being defined by a
mixture of Beta distributions, and have the model being updated through a sampling
procedure (Markov chain Monte Carlo).

The work in [97] proposes a Gamma distribution over the possible values of u and
the triggering kernel to be modeled as:

(4.22) 3() = T57,

where GP(+) is a Gaussian Process [62].
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These assumptions allow for closed-form updates over the posterior distributions
over the background rate and the triggering kernel, which are claimed to be more
scalable and efficient than the plain binning of the events.

In the next section, we will explore the neural architectures, which were introduced
for modeling and generation of HPs through a more flexible representation of the effect
of past events in the intensity function.

5. Neural Network-based HPs. In this section, we discuss the neural network-
based formulations of HP modeling. The main idea is to capture the influence of past
events on the intensity function in a nonlinear, and thus hopefully more flexible, way.

This modeling approach makes use of recurrent models, which, in their simplest
formulation, encode sequences of states

(5.1) (255 21, - 2N)
and outputs
(5.2) (28, 275 s 257)

in a way that each state z7,; can be obtained by a composition of the immediately
preceding state z] and a so-called hidden state h; which captures the effect of the
other past states:

(5.3) h; = op,(Wsz] + Wihi—1 + by)

(54) zy = Uo(Wozio + bo)a

2

in which W,, Wy, Wy, by, and b, are parameters to be fitted by the optimization
procedure, while o, and o, are nonlinearities, such as a sigmoid or a hyperbolic
tangent function.

In the case of HPs, the state to be modeled would be the intensity function along
a sequence of time event arrivals, and an additional assumption would be that its
intensity value decays exponentially between consecutive events.

In the case of most NN-based models, the inference also counts with a mark
distribution for the case of marked HPs, in which a multinomial, or some other multi-
class distribution, is fitted together with the recurrent intensity model.

Arguably the first from such type of models, the Recurrent Marked Temporal
Point Process [18] jointly models marked event data by using a RNN with exponen-
tiated output for modeling the intensity.

For sequences of the type {¢;,4;}~,, in which ¢; corresponds to the time of the
i-th event arrival, while z{ refers to the type of event or mark, we have a hidden cell
h; described by:

(5.5) hi = max {W,z{ + W't; + Wyh;_1 + by, 0},

and a Conditional Intensity Function defined as a function of this hidden state

(5.6) A(t) = exp (vPh; +wi(t — ;) + '),

while a K-sized mark set can have its probability modeled by a Softmax distribution:
exp (VZ°h; + b7°)

(5.7)  P(z}.; = k|h;) = Softmaz(k, V;Z°h; + b7°) =
o " * ZkK:I exp (ViE®hi + b7°)
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As the likelihood of the whole sequence can be defined as a product of conditional
density functions for each event:

N
(5'8) Ith ({tlv 7,}7, 1) = Hf(t“'z;))7
with
at) = A(t)exp </t A(t)dt) ,
(5.9)

where t,, is the latest event ocurred before time t. From this f(t¢), we may estimate
the time of the next event as:

(5.10) tiv1 = / tfa (t)dt
t;

This allows us to optimize the parameters of the RNN model over the loss equal to
this likelihood function, composed by these conditional density functions.

Given a set of M training sequences S/ = {tz,yZ A 1, we want to optimize the
weight parameters over a loss function defined as:

(5.11) un({s} ZZlog( 2 i) +log fa(tl, — t{lhi))

This optimization procedure is usually done through the Backpropagation Through
Time (BPTT) algorithm, which proceeds by ‘unrolling’ the RNN cells by a fixed
number of steps, then calculating the cumulative loss along all these steps, together
with the gradients over each of W’s, w’s, v’s and b’s, then updating these parameters
with a pre-defined learning rate until convergence.

One improvement for the RNN-based modeling approach is described in [83],
referred to as “Time Series Event Sequence” (TSES), which consists of treating the
mark sequences as derived from another RNN model, instead of the multinomial
distribution. This RNN for the marks is then jointly trained with the RNN for event
arrival times.

Another improvement over this NN-based modeling approach is the Neural Hawkes
Process [52], which uses a variant of the basic RNN| entitled Long Short-Term Memory
(LSTM) [30], applied to the intensity function modeling.

The Neural Hawkes Process models the intensity function of a multi-type event
sequence by associating each k-th event type with a corresponding intensity function

)\k:(t)a s.t

(5.12) Ae(t) = fi(wi 2"(t)),
with
(5.13) 2(t) = 0; © (29(2¢(t) — 1)),

The variables o; and ¢(t) are defined through the following update rules:

(5.14) Cit1 = fir1 © e(ti) + %it1 © Ziq1,
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The variables 2;41,f;,1, zi+1 and 0;41 are defined similarly to the gated variables
of a standard LSTM cell. The reader is invited to read the original paper for their
full definition. And the value of the ¢(t) is assumed to decay exponentially among
consecutive events as:

(5.15) c(t) = Cip1 + (Ciy1 — Cigr)exp(—0ip1(t — t;)),
for

(5.16) Cit1=fip1 OC(t) + 241 © Ziga

(5.17) di41 = g(Wsk; + Ush(t;) + ds).

The W’s, U’s and d’s of the model are trained so as to maximize the loglikelihood
over a set of sequences. Compared with the previous RNN-based model, in the Neural
Hawkes Process:
1. The baseline intensity py is not implicitly considered constant, but instead is
allowed to vary;
2. The variations of the cell intensity are not necessarily monotonic, because the
influences of each event type on the cell values may decay at a different rate;
3. The sigmoid functions along the composition equations allow for an enriched
behaviour of the intensity values.
All this contributes to an increased expressiveness of the model. Besides, as in the
regular LSTM models, the “forget” gates f,, are trained so as to control how much
influence the past values of ¢(t) will have on its present value, thus allowing the model
to possess a “long-term” memory.

Another variant of the RNN-based HPs, introduced in [84], models the baseline
rate and the history influence as separate RNNs each. The baseline rate is taken as a
time series, with its corresponding RNN updating its state at equally spaced intervals,
such as five days. The event history influence RNN updates its state at each event
arrival. This has been shown to increase the time and mark prediction performance,
as demonstrated in Table 3.

Both the background rate time series {z(t)}Z_; and the marked event sequence
{m;,t;}¥ , are modeled by LSTM cells:

(5.18) (R (1), = (t)) = LSTM, (u(t), k¥ (t — 1) + A (t — 1)),

(5.19) (h™ (i), 27 (1)) = LSTM,, (m;, h™ (i) + 2™ (i — 1)),

c

These h and c states correspond to the hidden state and the long-term dependency
terms, respectively, similarly to the Neural Hawkes Process. Both terms are concate-
nated in a single variable z.(t), for jointly training both RNN models:

(5.20) Zc(t) = tanh(W ¢ [R¥(t), h™] + by)
(5.21) U(t) = Softmax(Wyz.(t) + by),

(5.22) u(t) = Softmax (W, [z.(t),U(t)] + by)
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(5.23) zs = Wiz,(t) + bs,

with U and u denoting the main event types and subtypes, respectively, and z5 denot-
ing the composed timestamp of each event. The loss over which the model is trained
is defined in a cross-entropy way:

N
(5.24) > (=Wu(h)log(U(t, §)) — wa(j) log(u(t, )

j=1
with

1 252
V2o ’

where z3(¢, j) is the model predicted output for the corresponding event z4(t, 7).

The model weights are then jointly trained, over the total loss function and under
some correction for the frequency ratio of each event type, for both the background
rate time series values and the event arrivals RNN, and are shown to outperform more
‘rigid’ models.

Now, regarding the generation of HP sequences, both RMTPP and Neural Hawkes
Processes have in common the fact that they intend to model the intensity function of
underlying process, so that new sequences may be sampled in a way to reproduce the
behaviour of the original dataset. This intensity modeling, however, has three main
drawbacks:

1. Tt may be unnecessary, since the sequences may be simply produced by un-
rolling cells of corresponding RNN models;

2. The sequences from these intensity-modeling approaches are sampled using
a ‘Thinning algorithm’ [58], which may incur in slowed-down simulations, in
the case of repeatedly rejected event intervals.

3. These methods are trained by maximizing the loglikelihood over the train-
ing sequences, which is asymptotically equivalent to minimizing the KIL-
Divergence over original and model distributions. This MLE approach is
not robust in the case of multimodal distributions

The model in [81] proposes approximating a generative model for generating event
sequences by using an alternative metric of difference among distributions, the Wasser-
stein (or Earth-Moving) distance, already discussed in Section 3.

In the model, entitled Wasserstein Generative Adversarial Temporal Point Process

(WGANTPP), this Wasserstein loss is shown to be equal to:

< (za(t.5) — ng))?)
(5.25) f (A = 1,5)) = —p—e

(526) L= | ) FulGelSD) — - Y FulS)

(5.27)

o |fw(87i-)_Fw(G@(87J:)
v S T e,

where the second term, along with the constant v correspond to the so-called Lipschitz
constraints, related to the continuity of the models.

{8i}m, are real data sequences, while {S!}7 ; are sequences sampled from a
Homogeneous Poisson Process with a rate Agpp which is simply the expected arrival
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Fig. 5: Intuition behind the distance metric | - |, among two given event sequences
{t:} and {r;}. Extracted from [81].

rate over all training sequences. The generator network Gg and discriminator F;, are
defined as:

(5.28) Go(S) =8 = {t1, .., tn}
with
(5.29) t(i) = 9&(f&(h(0))) and h(i) = g&(f&(zs, h(i — 1))

n

(5.30) Fu(S) = Z a(i)

i=1

with

(5.31) a(i) = gh(f5(h(i)) and h(i) = giy (f5(ti, h(i — 1)))

with the g’s defined as nonlinearities, and S as some example time event sequence.
The f’s are linear transformations, as in a standard RNN cell, with their correspond-
ing weight matrices and bias vectors to be tuned by a Stochastic Gradient Descent
procedure.

The distance metric | - |« of two sequences {t;} and {r;}, for the case of purely
temporal point processes in [0,7"), can be shown to be equivalent to

n

(532) Z|ti—Ti|+(m—n)><T— Z Tis

i=1 i=n-+1

which has an intuitive graphical interpretation, as shown in Figure 5.

As previously discussed, the generator is trained so as to “fool” the discriminator,
while the discriminator is trained so as to distinguish generated sequences from those
of real data. This adversarial training procedure is roughly equivalent to gradient
updates with opposite signs over their respective parameters: positive sign for the
discriminator and negative sign for the generator.

In the end of the training procedure, one hopefully gets a generator network
capable of producing sequences virtually indistinguishable from the real data ones.

This method, however, consists of training a network for generating entire se-
quences, and so the generator model learned may not accurately generate conditional
output sequences from input ones. Another model, described in [82], deals with this
task by generating, from partially observed sequences, the future events of these same
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sequences conditioned on their history, i.e., instead of aiming to capture the under-
lying distribution of a set of full sequences, the model performs a ”sample agnostic”
in-sample prediction.

Analogously to one of the parametric models described in Section 3, the learning
procedure of this in-sample neural-network based prediction model takes advantages
of both types of divergence measures: MLE loss (or KL Divergence) and Wasserstein
distance.

The former aims for a rigid and unbiased parameter matching among two given
probabilistic distributions, which is sensitive to noisy samples and outliers, while
the latter has biased parameter updates, but is sensitive to underlying geometrical
discrepancies among sample distributions. This combined loss is a way to balance
both sets of priorities. In the case of long-term predictions, in which initial prediction
errors propagate and magnify themselves throughout the whole stream, this joint loss
was found to strengthen the effectiveness of the inference procedure.

The proposed model borrows on the seq2seq architecture ([73]) and aims to model
endings of individual sequences conditioned on their partially observed history of
initial events, and inserts an adversarial component in the training to increase the
accuracy of long-term predictions. A network, designated as generator, encodes a
compact representation of the initial partial observation of the sequence and outputs
a decoded remaining of this same sequence. That is to say that, for a full sequence:

(5.33) {ti,t2, s tngm},

the seq2seq modeling approach learns a mapping

(5.34) Go(St™) =8™"
such that
(535) Sl’n = {t1, to, ...y tn} and S™" = {tn+1, [Z25, T tn+m}.

This mapping is defined through a composition of RNN cells:
(5.36) hi =0l (fh(ti, hi—1) and iy = ) 2 (h;)

with the n’s defined as nonlinear activation functions, and the f’s as linear trans-
formations with trainable weight matrices and bias vectors.

The learning procedure consists of tuning the RNN cells’ parameters so as to
maximize the conditional probability

n+m—1
(5.37) P(S™MSH) = H P(tivalhi,ta, ... i),

1=n

what is carried through by parameter gradient updates over the combined loss Wasser-
stein and MLE loss. The adversarial component of the training, the discriminator
F325(.), is modeled as a residual convolutional network (see [28]) with a 1-Lipschitz
constraint, which is related to the magnitude of the gradients of the discriminative
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model. The full optimization problem then becomes

M M
(389 mmmax Y EPISLS) - Y RPUUS!" Ge (S )))
=1 =1
Wasserstein loss
OFS?3 (&
639) el D o plog(Py(s ™IS )

1-Lipschitz constraint MLE loss

Further works on RNN-based modeling of HPs can also be found in [60] and [34].

5.1. Self-Attentive and Transformer Models. Another improvement for
NN-based modeling, proposed in [95], involves a so-called self-attention strategy [76]
to improve the accuracy of the resulting network. The i-th event tuple (¢;,m;) is
embedded as a variable z;:

(540) z'i - tpm + pe(mi,ti)v
which simultaneously encodes information about the event mark through
(5.41) tpm = z0"Wg,

with zJ® as an one-hot encoding vector of the mark and Wg as an embedding ma-
trix, and information about the time interval among consecutive events through a
sinusoidal-based positional encoding vector pe(m,.¢;), with its k-th entry defined as:

(5.42) pel{mi,ti) = sin(wh x i +wl x t;)

From this encoded variable x;, a hidden state h,, ; is then defined for each category
u of the marks, which captures the influence of all previous events:

(X5 F (v, 29 (27))
23:1 f(zit1,25)

Through a series of nonlinear transformations, the intensity A, (t) for the u-th
mark is then computed. A concurrently developed approach in [102] uses multiple
Attention layers to build a so-called “Transformer Hawkes Process”, which also sur-
passes the performance of RNN-based approaches in a series of datasets, as shown in
Table 3

(5.43) hoiv1 =

5.2. Graph Convolutional Networks. A further improvement of neural HP
models, described in [69], involves the graph properties of multivariate HPs, which
may be embedded in a NN modeling framework through the recently proposed Graph
Convolutional Networks (GCN)[38].

The method is composed of a GCN module, for capturing meaningful correlation
patterns in a large sets of event sequence, followed by an usual RNN module, for
modeling the temporal dynamics. In short, the time sequences are modeled as a HPs,
and the adjacencies among different processes are encoded as a graph. The novel
(GCN+RNN) model is meant to extract significant local patterns from the graph.
The output of the initial GCN network module, which is simply a matrix of the form
X = [p,A], which includes the baseline vector g and the adjacency matrix A, are



28 R. LIMA

Loglikelihood per Event Time Prediction RMSE Mark Prediction Accuracy
Method \ Dataset RT MT FIN MIMIC-II SO H FIN  MIMIC-II SO H FIN  MIMIC-II SO
RMTPP [18] -5.99 -6.04 -3.89 -1.35 -2.60 || 1.56 6.12 9.78 61.95 81.2 45.9
Neural HP [52] -5.60 -6.23 -3.60 -1.38 -2.55 || 1.56 6.13 9.83 62.20 83.2 46.3
TSES [84] - - - - - 1.50 4.70 8.00 62.17 83.0 46.2
Self-Attentive HP [95] -4.56 - - -0.52 -1.86 - 3.89 5.57 - - -
Transformer HP [102] -2.04 0.68 -1.11 0.82 0.04 || 0.93 0.82 4.99 62.64 85.3 47.0

Table 3: Performance comparison of NN-based HP models, regarding: a) Loglike-
lihood averaged per number of events; b) RMSE of predicted time interval; and c)
Accuracy of mark prediction. The performances were measured over sequences from
Retweet [98], MemeTracker [42], Financial [18], Medical Records [33], and Stack Over-
flow [42] datasets. The TSES method is a likelihood-free model, and so its entries
are not evaluated for the Loglikelihood per Event section of the table. Values are
obtained from [102]

fed into the RNN-based module, there taken as a LSTM. Then, the output of this
RNN module are input to a further module, a fully connected layer, for calculating
the changes dX to be applied to the current parameter matrix X. Then, after each
training step T, the predicted value of this parameter matrix becomes as

X(T) = X(T — 1) 4 dX(T — 1)

The work in [90] proposes a model for check-in time prediction which is composed
by a LSTM-based module, in which the feature vector is composed so as to capture
each relevant aspect of the problem: the event time coordinate t¢;, an additional field
to indicate if the check-in occurred on a weekday or during the weekend, the euclidean
distance between a given check-in location and the location (1) of the previous check-
in, the location type of the check-in (e.g., Hotel, Restaurant, etc.), the number of
users overlapping with a given location, and the check-ins by friends of the user.
This aggregates social, geographical and temporal information in a single NN-based
HP-like predictive model.

All these variants of neural-network point process models allow for more flexible
(nonlinear) representation of the effect of past events in the future ones, besides
putting at the inference procedure’s disposal a myriad of Deep Learning tools and
techniques which have enjoyed a surge of popularity over the recent years.

6. Further Approaches. In this section, we briefly review some recently pro-
posed approaches which do not fit conveniently into any of the three previously dis-
cussed subgroups, but may be considered as bridgings between usual HP-related tasks
and other mathematical subfields.

6.1. Sparse Gaussian Processes. By building over the modeling in [97], which
considers the triggering function of the HP as a Gaussian Process, the work in [96] pro-
poses an approach involving Sparse Gaussian Processes for optimizing over a dataset.
In this, the optimization of the likelihood is being taken not over the samples, but
over a set of much fewer so-called inducing points, which are also taken as latent
variables, so as to result in a final model which is both expressive enough to capture
the complexity of the dataset but also tractable enough to be useful and applicable
to reasonably-sized datasets.
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6.2. Stochastic Differential Equation. Another way of modeling HPs is through

a Stochastic Differential Equation, as proposed in [40]. In them, the decay of the trig-
gering kernel is taken as exponential, but its amplitude is defined as an stochastic
process, there proposed as being either a Geometric Brownian Motion or an exponen-
tiated version of the Langevin dynamics.

6.3. Graph Properties. Besides some works, previously discussed, which deal
with the properties of the excitation matrices of the multivariate HPs as terms to be
optimized jointly with other parameters, such as the Graph Convolutional approaches
and the sparsity inducing penalization terms of some parametric and non-parametric
approaches, there have been several other optimization strategies taking into account
other properties of these matrices.

[46] explicitly inserts considerations of the excitation matrix as a distribution
over some types of randomly generated matrices into the optimization of the HP like-
lihood. [48] introduces a penalization term involving the proximity of the excitation
matrix to a so-called connection matrix, defined to capture the underlying connec-
tivity among the nodes of the multivariate HP, to the parameter optimization strat-
egy. [49] introduces a weighted sum of the Wasserstein Discrepancy and the so-called
Gromov-Wasserstein Discrepancy as a penalizing factor on the usual MLE procedure
of HP estimation, with the intention of inducing both absolute and relational aspects
among the nodes of the HP. [2] introduces, besides the sparsity-inducing term, an-
other one related to the resulting rank of the excitation matrix, which is designed to
induce resulting matrices which are composed of both few nonzero entries and also
few independent rows.

6.4. Epidemic HPs. The work in [66] blends the HP excitation effect with
traditional epidemic models over populations. By considering a time event as an
infection, it models the diffusion of a disease by introducing a HP intensity function
which is modulated by the size of the available population, as below:

(6.1 a0 = (1= 3 ) ot Xt -,

where N; denotes the counting process associated with the HP, while N is the total
finite population size.

6.5. Popularity Prediction. The work in [54] proposes the use of HP modeling
blended with other Machine Learning techniques, such as Random Forests, to obtain
an associated so-called “Popularity” measure, which is defined as the total number
of events the underlying process is expected to generate as ¢ — oo. This measure is
treated as an outcome derived from features associated with some entity (e.g., social
network user), s.a. number of friends, total number of posted statuses and the account
creation time.

In the next section, we will discuss models in which one not only wants to cap-
ture the temporal dynamics, but also wishes to influence it towards a certain goal,
implicitly defined through a so-called reward function.

7. Stochastic Control and Reinforcement Learning of HPs. In this sec-
tion, we briefly review some control strategies regarding HPs. In some cases, one may
wish not only to be able to model the traces of some event sequences, or to capture
the underlying distribution of said sequences, but also try to influence their temporal
dynamics towards more advantageous ones. These cases are considered in the works
on Stochastic Control and Reinforcement Learning approaches for HPs.
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This concept of advantageous is explicited through the definition of a so-called
Reward Function, which is defined in terms of specific , and sometimes application-
specific, properties of the sequences. Most works related to the subject deal with Social
Network applications, and one example of Reward can be the total time the post of a
user stays at the top of the feed of his/her followers. One type of reward which is not
domain-specific is the dissimilarity among two sets of sequences, computed through
mappings such as “kernel mean embeddings” [57]. In the case of Imitation Learning
approaches, one still focus on solely modeling the HPs, without steering it towards
desirable behaviours. In these, the reward function is simply defined over how well the
samples of the chosen model to be adjusted approximates the samples of the original
HP.

7.1. Stochastic Optimal Control. One example of this control approach is
described in [94], in which the variable to be controlled are the times to post of a
given user, implicitly defined as an intensity function, so as to maximize the reward
function r(t), here computed as the total time that this user’s posts stay at the top
of the feed of his/her followers.

This “when-to-post” problem can be formulated as:

min By, a1,)(to,t] [Q(r(tf)) +/ fL(T(T)aU(T))dT

u(to,ts) to

(7.1) subject to u(t) > 0,Vt € (to, 1],

e iis the index of the broadcaster of the posts;
e N, (t) is the Counting Process of the i-th broadcaster, with N (¢) = {N;(t)}7,
being an array of Counting Processes along all the n users of the network;
A € {0,1}™*™ is the Adjacency Matrix of the network;
e M,(t) = ATN(t) — A;N;(t), which means that M, (¢) is the sum of the Count-
ing Process of all users connected to user i excluding user i him/herself;
e iy and t; are, respectively, the starting and ending times of the problem
horizon taken in consideration;
e u(t) = p;(t), the controlled variable, is the baseline intensity of user i, to be
steered towards the maximization of the reward function;
e Q(r(ty)) is an arbitrarily defined penalty function;
e L(r(7),u(r)) is a nondecreasing convex loss function defined w.r.t. the visi-
bility of the broadcaster’s posts in each of his/her followers’ feeds.
The approach used in the problem is by defining an optimal cost-to-go J(r(ts), A(t), )

(72)  J(r(ty), A, 8) = min Eqyane, [¢<r<tf>>+ / "1 (r), u(r))dr ||

u(t,tf]

and find the optimal solution through the Bellman’s Principle of Optimality:

J(r(t), A(t),t) = u(gifdt] {E[J(r(t+ dt), \(t + dt),t + dt)] + U(r(t), u(t))dt}

For example, in the case of a broadcaster with one follower (r(t) = r(t)), if the penalty
and loss functions are defined as:

(73) Br(ty) = 57°(t7)
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and
(7.4) L(r(0) u(t)) = 3(r(1) + Sau(0),

for some positive significance function s(t) and some trade-off parameter q, which
calibrates the importance of both visibility and number of posts, we set the derivative
of J(r(t), \(t),t) over u(t) to 0 and solve it to get to an analytical solution

(7.5) u'(t) = g7 I (r(), A1), 1) = J(0,A(t), 1)),

which is thus the optimal intensity a broadcaster must adopt to maximize visibility,
constrained on the cost associated to the number of posts, along this one follower’s
feed. Further derivations are provided to the more natural and general case, in which
the broadcaster may have multiple followers.

An earlier version of this type of Stochastic Optimal Control-based approach to
influence activity in social networks can be found in [93]. In this, the goal is to
maximize the total number of actions (or events) in the network. Analogously to
the previously discussed algorithm, one may solve the Continuous Time version of
the Bellman Equation through defining a optimal cost-to-go J(A(¢),t), which here
depends only on the intensities of the nodes and the time.

The control input vector u(¢) acts on the network by increasing the original vector
of uncontrolled intensities

(7.6) At) = pgy + A/o K(t — 8)dN(s)

with the equivalent rates of an underlying Counting Process vector dM (s), such that
the new controlled intensity vector A*(¢) is now described by

(7.7) A (1) =;1,0+A/0 m(t—s)dN(s)+A/0 w(t — s)dM(s),

where k(t) = e~ in the model.
Then, in the same way, by differentiating the equivalent J(A(t),t) over the control
input, setting the corresponding expression to 0, then defining

(7.8) L), ult)) = —%)\T(t)QA(t) + %uT(t)Su(t)
and
(79) QA1) = 5 AT (1) FA),

with previously defined symmetric weighting matrices @, F and S, we arrive to a
closed-form expression for the optimal control intensity value

(7.10) uw'(t) = —S~ |ATg(t) + ATH(t)(t) + %dz’ag(ATH(t)A) ,

where H (t) and g(t) can be computed by solving the differential equations

(7.11) H(t) = (BI - ATH(t)+ H(BI — A)+ Ht)AS'ATH(1)Q
g(t) = [BI - AT + H(t)AST'AT] g(t) — BH (1) o

(7.12) + % [H(t)AS™! — I| diag(AT H(t)A),

with final conditions g(tf) = 0 and H(t;) = —F. The solution is constant between
two consecutive events and gets recomputed at each event arrival.
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7.2. Reinforcement Learning. The described SOC-based approaches have
two main drawbacks:

e The functional forms of the intensities and mark distributions are constrained
to be from a very restricted class, which does not include the state-of-the-art
RNN-based HP models, such as those described in Section 5;

e The objective function being optimized is also restricted to very specific
classes of functions, so as to keep the tractability of the problem.

For circumventing these drawbacks, there have been some proposed approaches which
combine more flexible and expressive HP models with robust stochastic optimization
procedures independent from the functional form of the objective function.

On of these methods, entitled “Deep Reinforcement Learning of Marked Temporal
Point Processes” [75], works by, given a set of possible actions and corresponding
feedbacks, which are both expressed as temporal point processes jointly modeled by
a RNN-based intensity model Aj(t):

(7.13) Ao (t) = exp(by + wi(t — t;) + Vahy),
with

h; = tanh(Wph;—1 + WiT, + Way; + W5z, Wyb; + by),
where

Ti = fr(ti —ti—1) and b; = fp(1 — by, b;)

Yy = fy(y:), if b; =0 and z; = f.(z), if b, = L.

The term b; is an indicator function to whether the i-th event is an action or a feedback.
By taking the weight matrices and bias vectors from all the linear transformations f
a parameter vector #, what the algorithm wishes to do is to update this vector with
the gradients of each parameter over an expected Reward Function J(6):

(7.14) 011 =0, + 771V9J(9)|9;91

(7.15) V@J(@) = EL{T P () Fr p},d)(A)[R*(T)Vglong(L{T)],
where

(7.16) Pl = (N\gymp)

is the joint conditional intensity and mark distribution for action events, and

(7.17) Pre = (N5my)

is the joint conditional intensity and mark distribution for feedback events. The Re-
ward R(T) is defined over some domain-specific metric, which may involve the respon-
siveness of followers in a social network setting, or the effectiveness of memorization
of words in a foreign language, in a spaced-repetition learning setting.
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7.3. Imitation Learning. Another way of using this reinforcement learning
approach is through a technique entitled “Imitation Learning” [44]. The reasoning
behind it is to treat the real-data sequences as generated by an expert and then, using
RNN-based sequence generation, try to make these models approximate the real-data
sequence as closely as possible.

Thus, the reward function to dictate the proportion in which the gradient of
the parameters over each sequence are going to be considered is equal to how much
this given sequence is likely to be drawn from the underlying distribution over the
real data. This similarity is computed through a Reproducing Kernel Hilbert Space
(RKHS).

The theory of RKHS is very extense, and it is not our goal to give a detailed
account of it here. The key idea is that, to compute similarities among items of a
given space, you compute inner products between them. Taking two items, x; and
x2, and computing a so-called Positive Definite Kernel (PDS) K (x1,x2) is equivalent
to computing a inner product among these two items in a high-dimensional, and
potentially infinite-dimensional, vector space. The PDS used in the corresponding
paper is the Gaussian kernel.

The reward function is then defined as:

| A 1 &L
1 P — K(s® ) = K (™)
(7.18) r(t)«L;; (si.1) MmZ:lgj (5™ 1),

where:

L is the number of expert trajectories;

M is the number of trajectories generated by the model;
K(:,) is the reproducing kernel operator;

sgl) is the i-th time coordinate of the I-th expert trajectory;
° tz(.m)

is the i-th time coordinate of the m-th model-generated trajectory.

The parameters of the model are then updated through a Gradient Descent-based
approach towards convergence, in which the model is expected to generate sequences
indistinguishable from the real-world process.

8. Real-world Data Limitations. One key aspect of HP modeling which in-
evitably encompasses all the previously mentioned approaches is that of their appli-
cability to real-world datasets. These may present a series of sistematic issues on
the training and testing sequences, which may completely hinder the generalization
of the models. We discuss some key issues here, along with some recently proposed
methods, designed to handle each of them.

8.1. Synchronization Noise. Temporal data, specially multivariate ones, may
have their event streams being extracted from distributed sensor networks. A key
challenge regarding them is that of synchronization noise, i.e., when each source is
subject to an unknown and random time delay.

In these cases, an inference procedure which neglects these time delays may be
ignoring critical causal effects of some events over others, thus resulting in a poorly
generalizing model. The work in [74] deals specifically with this aspect of real-data
HP modeling, and proposes, for the exponential triggering functions HPs, including
the random time shift vector (one entry for each distinct event stream) as a parameter
in the HP model, which results in an inference procedure of the following form:

(8.1) 2,0 = argmaxlog P(f|\, 6),
Z€R,0>0
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where N is the random noise vector, and @ corresponds to the parameters of the
original exponential HP model.

8.2. Sequences with few events. In many domains, the availability of data
is scarce, and the event streams will be composed of too few events, which results
in noisiness of the likelihood and, as a consequence, unreliability of the fitted HP
model, which calls for strong regularization strategies over the objective functions to
be optimized.

For this type of situation, an approach, presented in [68], deals with HPs with
triggering functions defined as exponentials and also as a mixture of gaussian kernels,
as in [86]. Then, the parameters left to search are the background rates vector p
and the tensor of weightings A for the excitation functions. The optimization is
done through an Variational Expectation-Maximization algorithm which takes the
distributions over these parameters as gaussians, and optimize, through Monte Carlo
sampling, over an Evidence Lower Bound (ELBO) of their corresponding loglikelihood
over a set of sequences.

8.3. Sequences with Missing data. Another issue in HP modeling revolves
around learning from incomplete sequences, i.e., streams in which one or more of the
events are missing. For this type of problem, two rather distinct approaches were
recently proposed:

1. The first one, presented in [72], is applied to exponential and power-law HPs,
and consists of a Markov Chain Monte Carlo-based inference over a joint
process implicitly defined by the product of the likelihoods of the observed
events and of the so-called virtual event auxiliary variables, which are can-
didates for unobserved events. This virtual variable is weighted through a
parameter x, which is related to the percentage of missing events with re-
spect to the total event count;

2. The second one, introduced in [53], proposes finding the missing events over
the sequences through importance weighting of candidate filling event subse-
quences generated by a bidirectional LSTM model built on top of the Neural
Hawkes Process [52].

9. Application Examples. In this section, we use our HP modeling back-
ground obtained so far and apply it in case studies for three different domains:
Retweeting behaviour in Social Networks, Earthquake aftershocks, and COVID-19
contact tracing. We hope this will encourage the reader to consider HPs as a model-
ing choice for a broad scope of applications.

9.1. Retweet. In [20], HP are used jointly with Latent Dirichlet Allocation
(LDA) [8] models for distinguishing among genuine and fake (i.e., artificially induced)
retweeting of posts among Twitter users.

Given a set of 2508 users, with each j-th user corresponding to a sequence

9.1) RTY = {(t/, W))},L,,

, where tg corresponds to the timestamp associated with the i-th retweet from the j-th
user, and sz as the text content of the corresponding retweet.

The 2508 corresponding sequences were manually separated between genuine and
fake users and labelled as such, based on a set of criteria (e.g., the content in a most
of said user’s retweets contains spammy links and common spam keywords, multiple
retweets from a given user contain promotional/irrelevant text, the user biographical
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information is fabricated or contained promotional activity, or a large number of tweets
or retweets were posted within a very short time window of just a few seconds).

The two resulting disjoint sets were used for training two LDA models, LD A and
LDA,, for modeling the topics of fake and genuine retweeters, respectively. Given
a predefined number of possible topics, here set as 10, and a given text content
W/, the LDA model outputs a 10-element vector, with the probabilities of the WY
corresponding to each of the 10 possible topics.

The 10-sized vector Vs from LDAy is concatenated with the 10-sized vector V,
from LDA, and, together with the baseline intensity u and the decay 8 of an expo-
nential HP with ¢(t) = e =5, fitted over the tf’s of each j-th sequence, forms a feature
vector

(9.2) ARV NTNCES

which is then fed to a clustering algorithm, which aims to correctly classify each of the
2508 retweet sequences among fake and genuine ones. The intuition behind this hybrid
HP-LDA model is to use temporal features, from the HP modeling, together with
context (written) ones from the users to improve the resulting detection algorithm.

9.2. Earthquake aftershocks. It is well known from the study of earthquake-
related time series that a strong first seismic shock gives way to a series of weaker
aftershocks, which occur in a very restricted time window [59].

For modeling this self-exciting property of aftershocks’ arrivals, [59] proposes a
power-law self-triggering kernel

(9.3) épwr(t,0pwr) = ﬁ7

with Opwr = (K,¢,p) € Ri as trainable parameters. This model, together with an
additional baseline rate parameter p, is fitted over the temporal sequence {t1, 2, ..., t, }
of aftershock timestamps with a MLE optimization procedure, such as the one in
Equation 2.17; in which, due to the simple parametric form of the equation for the
intensity, the loglikelihood can be given in closed-form.

9.3. COVID-19. In [13], a spatiotemporal HP-inspired model is used to predict
the daily rates of cases and deaths associated with the Sars-CoV-2 pandemic.
Given:
e A sequence S = {t1,t,...,t,} € Z' of timestamps (or dates);
e A baseline rate p;
e A probability distribution for inter-infection time, assumed to be a Weibull
distribution with shape « and scale ;
A vector ML = { M, M}, ...} of mobility indices, measured in percentual in-
crease/decrease with respect to standardized values for each activity category
(Recreation, Groceries, Parks, etc);
A vector ’Dz = {D! DL, ...} of static demographic features, such as percentage
of smokers, population density, and number of ICU beds;
e A parameter A for capturing a potential delay between a change on mobility
indices and the time ¢; of a primary infection being reported.
A model of the rates of cases (or deaths) A, is built as

(9.4) Ae = pe + Z sz (D67 QD) X ’R’ij (mij_Av gm)w(t - tj)v
t>t;,t;€S
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where RY refers to the Reproduction Number, which is the number of people a given
infected individual is expected to transmit the disease to. This RY is model through
a Poisson regression

—-A

(9.5) E [RY [x4—2, 6] = ofhex

with XZFA = [DC MZFA} combining both temporal and spatial covariates into a
single vector.

An Expectation-Maximization strategy, similar to that of [43], is used for fitting
the model parameters. This HP-based model is shown to outperform the Susceptible-
Exposed-Infected- Removed (SEIR) model, most usually associated with disease spread
forecasting.

10. Comparisons with other Temporal Point Process approaches. HPs,
and the simpler PPs, have been the most prevalent choice for modeling time event
sequences, but some different approaches have been proposed, which occasionally
surpassed the performance of HPs in some situations, such as:

e Wold Processes: These are the equivalent of a HP in which only the effect
of the most recent event is considered in the computation of the intensity
function. This Markovian aspect, regardless of the choice of the excitation
function, has been shown in [21] to surpass the performance of several HP
models for estimation of networked processes.

e Intensity-Free Learning of Inter-Event Intervals: Another approach which has
been recently introduced involves ignoring the intensity function completely,
and focusing on modeling the probabilistic distribution of the time intervals
among consecutive events. This distribution is modeled after Normalizing
Flows [64], which can be summed up as families of distributions with in-
cremental complexities. The approach was introduced in [70, 71], and was
shown to surpass state-of-the-art neural-based HP models in some large-sized
datasets.

e Continuous-Time Markov Chain: In this model, the marks correspond to
states which have fixed rates (intensities) associated to them. The transition
time are sampled from these constant intensities. It has been used as a
comparison baseline for some HP models, such as [19].

11. Current Challenges for Further Research. Regarding the challenges
currently tackled by HP researchers, we could mention:

e Enriching HP variants (parametric, nonparametric, neural), or blending them
with other ML approaches, so as to make them suitable for specific situa-
tions. The works with Multi-Armed Bandits [14], randomized kernels [32],
graph neural networks for temporal knowledge graphs [24] and composition of
HP-like Point Processes with Warping functions defined over the time event
sequences [85] can be considered in this category;

e Improving the speed of inference or sampling, so as to reduce the time spent
in model estimation an aspect which may be critical for some real-world
applications. The works of [31] in Bayesian mitigation of spatial coarsening,
[99] in multi-resolution segmentation for nonstationary Hawkes process using
cumulants, [45] on thinning of event sequences for accelerating inference steps,
[50] on the use of Lambert-W functions of improving sequence sampling, [11]
on perfect sampling are examples of such, and [61] on recursive computation
of HP moments;
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e How to properly evaluate and compare HP models among them: While there
has been a lot of work regarding proposing new approaches, the comparison
among existing models is often biased or incomplete. The works of [77] on
how to quantify the uncertainty of the obtained models, [80] on measuring
goodness-of-fit, [51] on robust identification of HPs with controlled terms, and
[9] on the rigorous comparison of networked point process models are among
this type of work;

e Theoretical guarantees, properties and formulations of specific HP approaches,
such as the works of [12] on strong mixing, [23] on the consistency of some
parametric models, [15] on elementary derivations of HP momenta, and [36,
37] on field master equation formulation for HPs.

12. Conclusions. Hawkes Processes are a valuable tool for modeling a myriad
of natural and social phenomena. The present work aimed to give a broad view,
to a newcomer to the field, of the Inference and Modeling techniques regarding the
application of Hawkes Processes in a variety of domains. The parametric, nonpara-
metric, Deep Learning and Reinforcement Learning approaches were broadly covered,
as well as the current research challenges on the topic and the real-world limitations
of each approach. Illustrative application examples in the modeling of Retweeting be-
haviour, Earthquake aftershock occurence and COVID-19 spreading were also briefly
discussed, for motivating the applicability of Hawkes Processes in both natural and
social phenomena.
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